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We show that if m 3 2 is an even integer and G is a graph such that d,(v) L m + 1 for all 
vertices v in G, then the line graph L(G) of G has a 2m-factor; and that if m is a nonnegative 
integer and G is a connected graph with jE(G)l even such that d,(v) 3 m + 2 for all vertices v 
in G, then the line graph L(G) has a (2m + 1)-factor. 
1. Introduction 
In this note we deal with finite graphs without multiple edges or loops. Let G 
be a graph with vertex set V(G) and edge set E(G). The line graph L(G) of G is 
the graph which has E(G) as its vertex set and in which two vertices ei and ej are 
adjacent if and only if e, and ej have a common end vertex in G. The degree of a 
vertex ZJ of G is denoted by d,(v). For a subset A of V(G), G -A denotes the 
subgraph of G obtained from G by deleting the vertices in A together with the 
edges incident with them. If A and B are disjoint subsets of V(G), then we 
denote by ec(A, B) the number of edges of G joining A and B. A subset 
A s V(G) is often identified with the subgraph of G induced by A. Definitions 
and notations not given here may be found in [2]. 
For a positive integer k, a k-factor of a graph G is a spanning subgraph H of G 
such that dH(u) = k for each vertex v in G. 
In [3], Chartrand, Polimeni and Stewart proved that for a connected graph G, 
a necessary and sufficient condition for L(G) to have a l-factor, is that IE(G)I is 
even. 
In this note, we consider k-factors with k 2 2, and give a sufficient condition for 
the existence of such factors in the line graph of a graph G in terms of the degrees 
of vertices of G. 
In particular, we prove 
Theorem 1 (even factor). Let G be a graph and m 3 2 be an even integer. 
Suppose d,(v) 2 rn + 1 for all vertices v in G. Then L(G) has a 2m-factor. 
As an immediate corollary to this theorem, we get 
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Corollary 2 (even factor). Let G be a graph and m 3 1 be an odd integer, and 
suppose that do(v) b m + 2 for all vertices v E V(G). Then L(G) has a 2m-factor. 
We also prove 
Theorem 3 (odd factor). Let G be a connected graph with II?(G)1 even, and m be 
a nonnegative integer, and suppose that d,(v) 3 m + 2 for all vertices v E V(G). 
Then L(G) has a (2m + l)-factor. 
Those results are the best possible in the sense that the conditions on the 
minimum degree can not be weakened any further. This is clear for Theorems 1 
and 3. As for Corollary 2, the following example shows that the condition 
d,(v) 3 m + 2 can not be weakened to do(v) 3 m + 1. 
Example. Let G be an (m + 1)-regular graph with at least m + 2 independent 
edges and M = {ulvl, . . . , u,,,+~v,,,+~ } be a set of independent edges of G, where 
m is an odd integer. Now we add two new vertices x and y to G - M, and join x 
to ui and y to Vi (1 s i s m + 2). We denote this new graph by G*. Note that in 
L(G*), all vertices other than the XUi and the yvi have degree exactly 2m. So if 
L(G*) had a 2m-factor F, then the (m + 2) vertices XUi would induce an 
m-regular subgraph in F (and the same would be true of the yq). But this is 
impossible because m and m + 2 are odd. Fig. 1 shows the easiest example with 
m = 1. 
c* UC’) 
Fig. 1. 
2. Proof of the theorems 
For completeness, we first state the following well-known criterion for the 
existence of a k-factor. 
Theorem A (Tutte [4]). A graph G has a k-factor if and only if 
&(S, T) := k ISI + c d,(v) -k ITI -e&S, T) - h(S, T) 
VET 
30 
(*) 
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for any dtijoint subsets S, T of V(G), where h(S, 
connected components C of G - (S U T) such that 
k ICI + e,(C, T) = 1 (mod 2) 
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T) denotes the number of 
(such components are referred to as odd components). Furthermore, (whether G 
has a k-factor or not), we have 6&S, T) = klV(G)( (mod2) for any disjoint 
subsets S, T of V(G). 
Proof of Theorem 1. Let G be a graph satisfying the hypothesis of Theorem 1. 
Let S and T be subsets of V(L(G)) such that S II T = 0. For convenience, we set 
U := L(G) - (S U T) and h := h(S, T). We denote the sets of edges incident with 
u E V(G) contained in S, T and U by S,, T, and U,, respectively. We clearly have 
the following: 
IS,, U T, U &I= d,(v) for each vertex v E V(G), 
c I&Jl = 214, c ITvl=21777 c 
vsV(G) vsV(G) vsV(G) 
l&l =2lW 
IS U T U UI = c (d,(v))/2 = IE(G)l, 
UE(VG) 
(1) 
(2) 
(3) 
(4) 
(5) 
Inserting (2), (4) and (5) into Tutte’s criterion (*) with k = 2m, we obtain 
&v&% T) = “=sG) ((d,(u) -m - l)IT,l + ml&l - ITVI I&l) -h. 
Bearing this in mind, we set 
A(v) := (d,(v) -m - l)lT,I +mlS,,l- lTvl I&l, for v E V(G). 
An easy calculation shows that k(u) 2 0 for all u E V(G). For each component X 
of U, let Rx be the set of vertices v E V(G) such that X fl U, # 0. Then for any 
two distinct components X, Y, we have Rx rl RY = 0. 
So in order to prove 6,(&S, T) 30, it suffices to show that for each odd 
component X of U, Rx contains a vertex v with A(v) 2 1. Now let X be an odd 
component of U. By the definition of an odd component, 
eLdX O= c l&l ITVI 
is odd; and we can therefore choose a vertex of v E Rx for which I U,, I I T, I is odd. 
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For this V, we have either l&l # 0 or d,(v) 5 m + 2; for if IS,1 = 0 and 
d,(v) = m + 1, then, as m + 1 is odd, one of (U,,l or I T,I is forced to be even. 
Since we also have 117~1 # 0 and IT, I # 0, it is now a matter of simple arithmetic to 
verify that the desired inequality n(u) a 1 holds. Thus 6,&S, T) 2 0, and the 
proof is complete. Cl 
Proof of Theorem 3. Let G be a graph satisfying the hypothesis of Theorem 3. 
Let S and T be disjoint subsets of V(L(G)), and define 17, S,,,, T,, U, and h as in 
the proof of Theorem 1. Further set 
A(v) = (d&u) -m - 3/2)IT,l+ (m + 1/2)&l - IT,,1 l&,1, for u E V(G). 
Then we have 
&,,,(S, T) = c A(u) -h. 
vsV(G) 
In view of the last assertion of Theorem A, it suffices to show 6,,,,(S, T) 3 
- 1. Letting w denote the number of components of U = L(G) - (S U T), let 
K, * * * , Y, be the components of U and, for each K, let 4 be the set of vertices 
v E V(G) such that yl II U, # 0 (1 c i s w). Moreover we set 
Q := V(G) - ,&J_e = {u,, . . . , ul} where I= IQ!. 
__ 
Thus PI, . . . , L {uI), . . . , {UI) are (the vertex sets of) the components of 
G - (S U T). Since G is connected, this means 1s U TJ 2 o + I- 1. Also again by 
an easy calculation, we obtain 
I WtJl + IT,lP ifvE U Pj, n(v) 3 14ro 
l(l&l + IT,l)/2 - 1 if v E Q. 
Hence we get 
=lSUTI--(I+w)z-(f+w-l)-(Z+o) 
=- 1. 
This completes the proof. Cl 
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